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INTRODUCTION 
In earlier papers, Green [1-4], results have been presented which show the surface re-
sponse of a cross-ply fiber composite plate due to buried impulsive sources. The sources 
considered were line loads and line double forces. The present paper extends these results 
for sources which are line couples and line double couples without moment. The impetus 
for carrying out this extensive study is the need for a thorough understanding of the nature 
of the stress waves generated as a result of internal impulsive events. This in turn is a pre-
requisite for the application of acoustic emission techniques which are now standard meth-
ods used for the detection of faults in engineering structures. This technique has the po-
tential for not only locating the source of the emission but also for determining the nature 
of the source. The pulses arising from events such as crack formation, crack growth or the 
relative slip of crack surfaces are completely different in character and give rise to different 
signals at the receivers. By recording the time history of these signals it should be possible 
to determine the nature of the initiating event. This has particular relevance to the moni-
toring of Iaminated composites where there exists a wide variety of possible defects such as 
fiber breakage, matrix cracking, fiber/matrix debonding and ply delamination, in addition 
to the crack related events mentioned above. The surface response due to a number of dif-
ferent internal point sources in a plate of isotropic elastic material has been calculated by 
Ceranoglu and Pao [5] and by Vasudevan and Mal [6]. An analytical methodology for pre-
dicting the acoustic emission associated with crack propagation and arrest in an isotropic 
material has been developed by Jacobs et. al. [7] and they have compared their theoretical 
predictions with experimental results. For fiber composite plates and Iaminates, Lih and 
Mal [8] have calculated the response of a unidirectional Iaminate to surface point loads and 
line loads, and the same authors [9] consider distributed surface loading on both cross-ply 
and quasi-isotropic plates. An experimental study of the relation between the received sig-
nals and the initiating events has been carried out by Ono and Huang [10]. 
In an attempt to determine the effects of the material anisotropy and the layering on 
the response of the composite plate, the results presented in [3, 4] were compared with 
those reported by Ceranoglu and Pao [5]. These authors have carried out a comprehen-
sive theoretical and numerical study of the transient response of an isotropic plate due to 
a variety of dynamic point nuclei of strain. Despite the fact that the results in [5] relate 
to point sources, whilst the work in [3, 4] is concerned with line sources, the comparison 
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showed a remarkable similarity between the response of the four layer fiber-reinforced plate 
and an isotropic single plate. The basic procedure for both studies depends on transform 
techniques. However, the transform inversion, which is necessary in order to recover the full 
solution to the problem, is carried out by the method of generalised rays in [5], whereas an 
approximate numerical technique is employed in [1-4]. (See Green [4] for a detailed discus-
sion of the method). The method of generalised rays Ieads to an exact expression for the 
solution for a finite time, but it is restricted to short times and to receiver locations which 
are close to the source, because the multiplicity of ray paths which must be evaluated in-
creases rapidly with time and with distance from the source. The approach adopted in [1-4] 
allows far Ionger time spans and a more extensive range of receiver locations to be consid-
ered but at the cost of some loss of accuracy. In order to facilitate a more direct compar-
ison between an isotropic plate and the anisotropic Iaminate, the present paper includes 
results for line sources acting in an isotropic plate, evaluated using the same approximate 
numerical method as in (4]. The sources considered by Ceranoglu and Pao [5] are alllo-
cated at the mid-plane but in the method employed herein, it is Straightforward to consider 
sources buried at any depth both in the Iaminate and in the isotropic plate. 
THEORY 
The Iaminate is constructed from four layers of a unidirectional fiber reinforced mate-
rial arranged symetrically, with the fiber direction in the two inner layers being parallel to 
each other and at right angles to the fiber direction in the two outer layers. Each layer is 
modelled as a transversely isotropic elastic continuum, with the axis of transverse isotropy 
being parallel to the fiber direction. Choosing a cartesian coordinate system Ox1x2x3 with 
origin 0 in the mid-plane of the plate, Ox1 normal to the plate and with Ox2, Ox3 parallel 
to the fiber direction in the two outer layers and in the two core layers respectively, the line 
of action of the sources is taken to pass through the axis Ox1 making an angle 1r /2 + 1 with 
the Ox3 axis. The resulting disturbance travels as a straight crested wave in the plane of 
the plate at an angle 1 to Ox3, so that the displacements and stresses are functions of the 
time t and the spatial variables x 1 and x = x 2 sin 1 + x3 cos 1, only. Taking the Laplace 
transform with respect to t and the Fourier transform with respect to x, the equations of 
motion within layer m (m = 1, ... , 4) reduce to a system of six ordinary differential equa-
tions for the generalised displacement transform/ stresstransform vector Zm(xl)· This is 
the six vector whose first three components are the displacement transforms and whose last 
three components are the transforms of the traction components acting across the plane 
x1 = constant. The solution of the transformed equations of motion has the form 
(1) 
where Km is a six vector of arbitrary constants, Pm is a matrix whose elements are known 
functions of the material constants, the transform parameters and the propagationangle [, 
and Em(xl) is a diagonal matrix. Details of the matrices Zm(xl), Pm and Em(xl) are to 
be found in Green [11]. 
An impulsive line Ioad acting within the material at x1 = x1, corresponds to a disconti-
nuity in the appropriate stresstransform component of the vector Zm(xl) and the solution 
(1) is replaced by 
(2) 
where Pis the discontinuity in the vector Zm(x 1 ). At the interface between layer m-1 and 
layer m the solutions must satisfy the conditions 
(3) 
where F is the vector of the impulsive line Ioads (if any) which act across the interface. 
The vector F has components (0, 0, 0, F1 , F2, F3 ), where Fl> F2, F3 are the transforms 
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of the impulsive line Ioads acting in the directions Ox1, Ox2, Ox3 respectively. Equa-
tions of the form (3) hold across each of the three interfaces and give a total of 18 equa-
tions in the 24 unknown components of the arbitrary constant vectors Km, m = 1, ... , 4. 
These equations, taken with the six further equations that arise from the traction free con-
ditions at the bottom and top surfaces of the plate, Iead to a set of 24 linear simultaneaus 
algebraic equations for the arbitrary constants in the vectors Km, m = 1, ... , 4. These 
are solved to give expressions for the transform components of displacements and stresses 
throughout the plate. The displacements and stresses may then be obtained as functions of 
position and time by inversion of the double transforms. Details of the numerical procedure 
for the inversion aretobe found in the paper by Green [11]. 
The problems of interest here involves the response of the Iaminate to internal impul-
sive line couples. These couples are produced by imposing equal and opposite line Ioads of 
magnitude MIE, acting at a perpendicular distance E apart, and then proceeding to the 
Iimit as E ---+ 0, so as to give a line couple of magnitude M. In the case of a couple formed 
by equal and opposite verticalline Ioads, this limiting process is Straightforward and when 
it is applied at the interface between layer m - 1 and layer m the effect is to take F2 and 
F3 both zero and to replace the term F1 in the vector F in equation (3) by the term kM. 
In order to deal with a couple formed by equal and opposite horizontal line Ioads, acting in 
the direction of propagation, at the interface between layer m - 1 and layer m, it is nec-
essary to choose the components of the vector F in equation (3) to be, F 1 = 0, F2 = 
(MI E) siwy, F3 = (MI E) cos 1, and to choose the vector F in equation ( 5) to act at the 
Ievel i1 = hm-l + E and to have components equal to those of F, but of opposite sign. 
Doing this and proceeding to the Iimit as E ---+ 0, Ieads to the interface condition 
PmEm(hm-l)Km = Pm-lEm-l(hm_I)Km-1- Q, (4) 
where Q can be written as a linear combination of the unit column vectors e" i = 1, ... , 6, 
in the form 
2 
Q = sin2 1e2 + ; cos2 1e3 + k(cos3 1 + sin3 1)e4. (5) 
c3 
In equation (5), c2 and C3 are the speeds of propagation of transverse waves in the plane at 
right angles to the fiber direction and along the fiber direction, respectively, and k is the 
Fourier transform parameter associated with x. The unit vectors e4, e5 , e6 correspond 
to unit values for each of the impulsive line Ioads F1, F2, F3, respectively, whilst the unit 
vectors e1, e2, e3, correspond to discontinuities of unit magnitude in the transforms of the 
displacement components along the directions Ox1, Ox2, Ox3, respectively. Whilst these 
latter discontinuities are physically unrealistic, they prove useful as mathematical tools for 
evaluating the response to horizontal line couples and to vertical line double forces. 
RESULTS 
The results presented here relate to a fiber composite material having the same ma-
terial constants as that reported in [1-4]. The figures all show the nondimensional normal 
displacement of the Iaminate upper surface as a function of nondimensional timeT= ctlh, 
where h is the layer thickness and c is the speed of longitudinal waves in any direction in 
the plane orthogonal to the fiber direction (the plane of isotropy). Three different sources 
are considered namely; an internalline couple formed from equal and opposite vertical line 
Ioads; a line couple derived from horizontal line Ioads; and a double couple without moment 
formed by the combination of these two having equal and opposite moments. Results are 
also shown for the same sources acting within a monolithic plate of isotropic elastic ma-
terial whose elastic constants are taken to be identical with those for the fiber composite 
material in the plane of isotropy. Attention is restricted to sources lying in the mid-plane of 
the Iaminate; results for sources at other internallocations are given in Green [12]. 
Figure 1 shows the time history of the normal displacement on the upper surface of the 
Iaminate due to the couple formed from the verticalline Ioads (solid curves), and the cou-
ple formed from the horizontal line Ioads ( dotted curves). Results are shown for receivers 
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Figure 1. Scaled upper surface normal displacemcnt due to a line couplc acting on thc mid-
plane of the Iaminate at angle 'Y = 11' /6. Solid curvcs relate to couplc formcd from vcrtical 
line Ioads, dottcd curves are for couplc formed from horizontal linc Ioads. Receivers locatcd 
on uppcr surface at: (a) x = Bh; (b) x = 16h; (c) x = 40h. 
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Figurc 2. Scaled upper surfacc normal displacement due to a line couplc acting on the mid-
plane of the Iaminate at angle 'Y = 71' /3. Solid curves relate to couplc formed from vertical 
line Ioads, dotted curvcs are for couple formed from horizontalline Ioads. Receivers located 
on upper surface at: (a) x = Bh; {b) x = l6h; (c) x = 40h. 
409 
3 
~ (!) 
~ 2 
~ ]. 
;a 
19 0 
M 0 0 2.5 5.0 7,5 
'0 -1 
~ 
~ -2 
-3 
-4 
~ 3 
~ 2 
]. 
;a1 
nondimensional time 
äl nondimensional time ~ 0~~~~~--~.~--~-.~~~~~~ ...~.~~~~~ 
... 5 1 0 1 5 20 25 30 35 40 ~ : ~~-. . . 0 55 60 
al -1 :: ~;N 
ä! ~ ~\-···. 
-2 
-3 
0 10 20 30 40 so 60 70 
-1 nondimensional time 
-2 
(a) 
(b) 
(c) 
Figure 3. Scaled upper surface normal displacement due to a line couple acting on the mid-
plane of an isotropic plate of depth 4h. Solid curves relate to couple formcd from vertical 
line Ioads, dotted curves are for couple formed from horizontal line Ioads. Receivers locatcd 
on upper surface at: (a) x = Bh; (b) x = 16h; (c) x = 40h. 
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Figure 4. Scaled upper surface normal displacement at receiver location x = 16h, due to 
a linc double couple without moment: (a) acting on the midplane of the laminate at angle 
1 = 7r/6; (b) acting on the midplane of thc laminate at angle 1 = 7r/3; (c) acting on the 
midplane of the isotropic platc of depth tJh. 
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located at three distances from the vertical plane through the line of action of the source. 
The line of action of each of the two couples in Figure 1 passes through the origin of coordi-
nates and makes an angle 27f /3 with the axis Ox3 , corresponding to a straight crested wave 
travelling through the Iaminate in a direction making an angle 1r /6 with the fiber direction 
in the core. Figure 2 shows results analogous to those of Figure 1, for a wave travelling at 
an angle of 1r /3 to the core fiber direction. For the isotropic plate, results corresponding to 
those of Figures 1 and 2 are presented in Figure 3. It is evident from these Figures that, 
despite having the same moments, the two couples give rise to different responses; a fact re-
marked upon by Ceranoglu and Pao [5] for point couples in an isotropic plate. For the cou-
ple formed by the verticalline Ioads, the curves in Figures 1, 2 and 3 show strong similari-
ties to each other at the receiver locations dosest to the source, with the differences becom-
ing more marked at !arger distances. For the couple formed from horizontal line Ioads, the 
responses in the Iaminate are similar to each other and different from timt in the isotropic 
plate at short times, but all three dosely parallel those of the vertical Ioad couples at !arge 
times. The most readily identifiable features in these Figures are the sharp drops in dis-
placement which occur at distinct times. These drops are evident in all the responses with 
the exception of that du-e to the couple formed from horizontal line Ioads in the isotropic 
material. They are most pronounced at the receiver location dosest to the source but they 
also exist, to a lesser extent, at the other receiver locations. 
The double couple without moment is formed by subtracting the couple associated 
with the horizontal line Ioad from the couple constructed with vertical line Ioads. The re-
sults may be deduced from the plots shown in Figures 1 - 3 and one example for each of 
the two different line orientations in the Iaminate and for the isotropic plate are shown in 
Figure 4. The plots relate to a receiver located at a distance of two plate depths from the 
plane of the source. Whereas the effect of an unbalanced single couple is to give rise to a 
downward displacement which increases with time, the balanced double couple Ieads to a 
surface displacement which attains its maximum amplitude at a finite time and which sub-
sequently settles to an oscillation about some slowly varying mean position. The results 
shown in Figure 4 indicate that this mean position is negative in the Iaminate for the prop-
agation direction 1 = 1r /6 and positive in the isotropic plate and in the Iaminate for prop-
agation at the angle 1 = 7f /3. More detailed results at Ionger times and different receiver 
locations will be presented in [12]. 
ACKNOWLEDGEMENTS 
This work was supported in part by the Engineering and Physical Seiences Research 
Council under researchgraut number GR/H90223. 
REFERENCES 
1. E. Rhian Green, in Review of Progress in QNDE, Vol. 10, eds D. 0. Thompson and D. 
E. Chimenti (Plenum, New York, 1991), p. 1399 
2. E. Rhian Green, in Review of Progress in QNDE, Vol. 11, eds D. 0. Thompson and D. 
E. Chimenti (Plenum, New York, 1992), p. 153 
3. E. Rhian Green, in Review of Progress in QNDE, Vol. 14, eds D. 0. Thompson and D. 
E. Chimenti (Plenum, New York, 1995), p. 1375 
4. E. Rhian Green, Composites Engineering 5,1453 (1995) 
5. A. N. Ceranoglu and Y-H. Pao, ASME J. Appl. Mech. 48, 125 (1981) 
6. N. Vasudevan and A. K. Mal, ASME J. Appl. Mech. 52, 356 (1985) 
7. L. J. Jacobs, W. R. Scott, D. M. Granata and M. J. Ryan, J. of N.D.E. 10, 63 (1991) 
8. A. K. Mal and S-8. Lih, S-8. ASME J. Appl. Mech. 55, 878 (1992) 
9. S-8. Lih and A. K. Mal, Wave Motion 21, 17 (1995) 
10. K. Ono and Q. Iluang, Proc. Symp. on Advanced Struct. MaLls. Florence (1991) 
11. E. Rhian Green, Acta Mechanica 86, 153 (1991) 
12. E. Ilhian Green, ln prcparation. 
412 
